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We study nonlinear dynamics of superposition of quantum wavepackets in various systems such
as Kerr medium, Morse oscillator and bosonic Josephson junction. The prime reason behind this
study is to find out how the superposition of states influence the dynamics of quantum systems.
We consider the superposition states which are potential candidates for quantum computing and
quantum communication and so it is most necessary that we study the dynamics for their proper
understanding and usage. Methods in nonlinear time series analysis such as first return time dis-
tribution, recurrence plot and Lyapunov exponent are used for the qualification and quantification
of dynamics. We found that there is a vast change in the dynamics of quantum systems when we
consider the superposition of wave packets. These changes are observed in various kinds of dynamics
such as periodic, quasi-periodic, ergodic, and chaotic dynamics.
PACS numbers: 05.45.a, 05.45.Tp, 42.50.-p
I. INTRODUCTION
Quantum superposition is one of the most fundamen-
tal features of quantum mechanics [1] with which one can
explain the quantum effects arising from the interference
of quantum amplitudes. In classical physics, it is possi-
ble to have a superposition of fields which will give rise
to a new field but the quantum mechanical concept of
probability to occur the individual states is not feasible
[2]. The properties of these quantum superposition states
can be used in various applications of quantum informa-
tion theory such as quantum communication, quantum
teleportation, quantum cryptography, quantum cloning
[3–7] etc. It is a well-established fact that various non-
classical effects such as squeezing, higher-order squeez-
ing, sub-Poissonian statistics and oscillations of the pho-
ton number distribution are exhibited by superposition
of coherent states [8, 9] in contrast to ordinary coher-
ent states. Various theoretical [10–13] and experimental
methods [14–16] are also available for the production of
superposition states. The experimental observation of
Schro¨dinger cat states, which is a superposition state,
using the single-photon Kerr effect has opened new di-
rections in continuous variable quantum communication
[17].
On the other hand, extensive studies have been car-
ried out on the dynamics of quantum systems but less
has been done for the dynamics of superposition states.
Ergodicity in quantum systems has received much at-
tention after the quantum ergodic theory proposed by
von Neumann in as early 1929 [18]. Later, Peres gave
the newest definition of quantum ergodicity as the time
average of any quantum operator equal to its average
of microcanonical ensemble [19]. If the motion evolves
to exponentially separated trajectories even for nearly
identical initial conditions, such types are referred to as
∗ sudheesh@iist.ac.in
chaotic. Chaos is a type of motion that lies between the
regular deterministic trajectories arising from solutions of
integrable equations and a state of noise or stochastic be-
haviour characterized by complete randomness [20]. Non-
linear dynamics of quantum systems have been of special
interest and have been studied by many [21–24]. Various
methods are available to study the nonlinear dynamics of
quantum systems such as random matrix theory [25, 26],
recurrence time distributions and recurrence quantifica-
tion analysis [27, 28] and Lyapunov spectra [29, 30]. In
the literature, expectation values of certain dynamical
variables are considered as time series to study quan-
tum dynamics of various systems [31–34]. There are a
few studies addressing the dynamics of superposition of
wave packets, for example, fractional revivals of super-
posed wave packets in a nonlinear Hamiltonian [35, 36].
However, qualitatively different, such as quasi-periodic,
ergodic, and chaotic behavior in the dynamics of a su-
perposition of quantum wave packets are not reported.
In this review paper, we would like to study in detail the
dynamics of superposition of quantum wavepackets and
investigate how the superposition alter the dynamics of
quantum systems. We use time series generated from ex-
pectation values for studying the dynamics of superposi-
tion states to show the differences between superposition
states and non-superposition states in terms of periodic,
ergodic and chaotic dynamics.
This paper is organized as follows. In Sec. II, we study
and analyze the periodic properties of expectation values
of initial superposition states for two different quantum
systems which are governed by nonlinear Hamiltonians.
In Sec. III, we find the first return time distribution,
recurrence plot and Lyapunov exponent using time series
data of expectation values for different quantum states
and its superposition states. The chaotic and ergodic
properties of the systems are analyzed in this section. In
Sec. IV, we summarize the main results of the paper.
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2II. PERIODICITY OF EXPECTATION VALUES
The dynamics of a normalized quantum system |ψ(0)〉
is said to be periodic if the autocorrelation function
|〈ψ(t)|ψ(0)〉|2 becomes unity, where |ψ(t)〉 is the time
evolved state. When a quantum system is periodic, all
expectation values of the system attains its initial value
periodically. Various quantum systems showing periodic
dynamics can be seen in the literature [37]. Harmonic
oscillator, infinite well etc., are popular systems showing
periodic dynamics. We will be studying similar periodic-
ity in the time evolution of quantum systems governed by
nonlinear Hamiltonians. In this section, we show how the
period of expectation values of certain quantum variables
changes with respect to the initial states which are super-
position of quantum states. For this purpose, we consider
the dynamics of superposition states in Kerr medium and
Morse oscillator.
A. Dynamics of superposition states in a Kerr
medium
Consider the dynamics governed by a nonlinear Hamil-
tonian which is the effective Hamiltonian for the propa-
gation of coherent field in a Kerr medium [38, 39]
H = }χaˆ†2aˆ2 = }χN(N − 1), (1)
where aˆ and aˆ† are annihilation and creation opera-
tors. The operator N = a†a is the number oper-
ator whose eigenstates are the Fock state |n〉, where
n = 0, 1, 2 . . .∞ and χ is the nonlinear susceptibility
of the medium. Consider a general wavepacket |ψ(0)〉
which can be expanded in the Fock basis as
|ψ(0)〉 =
∞∑
n=0
Cn |n〉 , (2)
where Cn are the Fock state expansion coefficients. Us-
ing the unitary time evolution opetator e−iHt/}, we can
obtain the state at time t:
|ψ(t)〉 = e−iHt/} |ψ(0)〉 . (3)
Let a coherent state |α(0)〉 be the initial wave packet
which is the eigenstate of the annihilation operator aˆ with
eigenvalue α. The state at time t can be expressed in the
Fock basis as
|α(t)〉 = e−|α|2/2
∞∑
n=0
e−iχn(n−1)t
αn√
n!
|n〉 . (4)
At time t = pi/χ and its integer multiple instants, the sys-
tem becomes periodic. In other words, at these instants
the fidelity |〈α(t)|α(0)〉|2 becomes unity. This result was
already appeared in [13]. From now on, we use Tper to
denote the time period of systems which are having pe-
riodicity. Our interest is to find how the time period
Tper = pi/χ changes when we consider initial states which
are superpositions of coherent states. For this purpose,
we consider a general superposition of ` coherent states
[40]
|Ψ`(0)〉 = N`
`−1∑
j=0
∣∣∣αε(`)j 〉 . (5)
where N` is the normalization constant and
ε
(`)
j ≡ ei2pij/`. (6)
The superposition state |Ψ`(0)〉 can be expanded in the
Fock basis as
|Ψ`(0)〉 = N`
∞∑
n=0
α`n√
(`n)!
` |`n〉 . (7)
To derive the above expression, we have used the well-
known identity
`−1∑
j=0
(ε
(`)
j )
n = `δ[n` ],
n
l
, (8)
where δ is the Kronecker delta and [ ] denotes the great-
est integer function. The state at any time t, using the
Kerr Hamiltonian given in Eq. (1), is
|Ψl(t)〉 = Nl
∞∑
n=0
e−iχ`n(`n−1)t
α`n√
`n!
` |`n〉 . (9)
The above equation is for a general superposition of
` coherent states. Now we specifically look at the case
` = 2. With l = 2 in Eq. (5), we get a superposition of
two coherent states |α〉 and |−α〉 which is known as the
even coherent state [41].
The time evolution of an initial even coherent state
gives
|Ψ2(t)〉 = N2
∞∑
n=0
e−iχ2n(2n−1)t
α2n√
2n!
2 |2n〉 . (10)
It is evident that this state also has the same periodicity
of pi/χ obtained for initial coherent state. However, when
we increase the value of `, the periodicity depends on the
value of `. The following results can be obtained from
Eq. (11): If ` is an even number then Tper = 2pi/χ`. If
it is odd then Tper = pi/χ`.
Figure 1 shows the above results for certain values of `
using the expectation values and higher moments of the
dynamical quantities x and p where
x =
aˆ+ aˆ†√
2
and (11)
p =
aˆ− aˆ†
i
√
2
. (12)
Figure 1(a) shows the plot of 〈x〉 versus 〈p〉 for the case
` = 1. Figure 1(b) is plotted between 〈x2〉 and 〈p2〉 for
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FIG. 1. Plots showing the revival of (a) coherent state (l = 1) and its superposition states with (b) l = 2 and (c) (l = 3). The
expectation values are plotted from t = 0 to (a) t = pi
χ
, (b) pi
χ
and (c) pi
3χ
. These closed curves indicates that these states are
having periodic dynamics with different time period.
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FIG. 2. Plots showing the periodic dynamics of (a) coherent state (l = 1) and (b) its superposition state (l = 2). The
expectation values are plotted from t = 0 to (a) t = Tper, and (b) Tper/4. The closed curves indicates that the variables 〈x〉
and 〈p〉 return to its initial values at these instances.
the case ` = 2 state and Fig. 1(c) is between 〈x3〉 and 〈p3〉
for ` = 3. The closed curve in all the plots is an indicator
of periodic dynamics for corresponding quantum states.
We have shown that periodicity of the motion changes
when we change the initial state to a superposition state.
In the next session, we consider the dynamics of Morse
oscillator system which also illustrate similar results.
B. Periodic dynamics of Morse oscillator
The Morse oscillator is a model for a particle in a one-
dimensional anharmonic potential energy surface with a
dissociative limit at infinite displacement[42]. The Morse
potential describing the vibrational motion of a diatomic
molecule can be expressed as
V (x) = D(e−2βx − 2e−βx), (13)
whereD is the dissociation energy, β is a range parameter
and x gives the relative distance from the equilibrium
position. The eigenfunctions of the Morse potential for
the reduced one body system can be written as
Ψλn(ξ) = Ne
−ξ/2ξs/2Lsn(ξ), (14)
where ξ = 2λe−βx, 0 < ξ <∞ and n = 0, 1, . . . , [λ−1/2],
with [ ] being the greatest integer function. Here λ and
s are the potential and energy dependent parameters:
λ =
√
2µDr20
β2}2
, s =
√
−8µr20E
β2}2
(15)
where µ is the reduced mass of the system and r0 is the
equilibrium position. In Eq. (14) Lsn is the associated
Laguerre polynomial and N the normalization constant
given by
N =
[
β(2λ− 2n− 1)Γ(n+ 1)
Γ(2λ− n)r0
]1/2
. (16)
Using the annihilation and creation operators for the
Morse Hamiltonian [43], a displacement operator is de-
fined [44] which acts on the highest bound state (Ψλn′(ξ))
4to produce a Perelomov coherent state. The general ex-
pression for the coherent state is given as
χ(ξ) =
n′∑
n=0
dnΨ
λ
n(ξ). (17)
where n′ corresponds to the highest bound state and
dn =
(−α)n′−n
(n′ − n)!
√
n′!Γ(2λ− n)
n!Γ(2λ− n′) . (18)
The distribution of dn or the value of α decides the lo-
calization of the coherent state. To study the dynamics
under Morse potential, let us look at the time evolution
of this wave function
χ(ξ, t) =
n′∑
n=0
dnΨ
λ
n(ξ)e
−iEnt/}. (19)
For the Morse oscillator [45],
En = E0 + }(ωn− xeωen2) (20)
where the harmonic frequency is given by
ωe =
}β2
µ
(
Nn +
1
2
)
=
√
2Dβ2
µ
. (21)
Nn can be identified as (λ − 1/2) and the frequency ω
differs from ωe by the anharmonicity constant xe
ω = ωe(1− xe), (22)
with
xe =
1
2Nn + 1
. (23)
The periodic dynamics of the system is calculated using
the spatially averaged autocorrelation function A(t),
A(t) =
∫ ∞
−∞
χ∗(ξ, 0)χ(ξ, t)dξ =
n′∑
n=0
|cn|2 e−iEnt/}. (24)
With the assumption that the zero point energy is the
reference zero of energy, Eq. 24 can be rewritten as
A(t) =
n′∑
n=0
|cn|2 exp
(−inωt+ in2xeωet) , (25)
where cn are the weighting coefficients. Periodicity of the
system occurs at those instances when A(t) = A(0) and
this periodicity time, Tper can be calculated by equating
the exponential to 1:
exp
[
i(n2 − 2nNn)xeωeTper
]
= 1. (26)
Nn can be expressed as n
′ + u/v, where n′ is the integer
part and u/v is the irreducible fraction. Using this along
with Eq. 22 and Eq. 23, Eq. 26 can be expressed as
exp
(
i
[
vn2 − 2(n′ + u)n] xeωeTper
v
)
= 1. (27)
By observing that the square brackets enclose an inte-
ger value, the time period can be calculated as Tper =
2pixev/ωe [45]. For simplicity v can be taken as unity.
An even Perelomov coherent state is the addition of
two Perelomov coherent states with parameters α and
−α, also we are taking n′ to be an even number. Hence
the initial wave function is expressed as
χ(ζ) =
n′/2∑
m=0
d2mΨ
λ
2m(ζ). (28)
In Eq. (26), n will be replaced by 2n. Therefore, the time
period will be Tper/4. For any even higher order super-
position with ` terms, is defined such that the parameter
α is multiplied with ε
(`)
j , where j = 0, 1, . . . , `− 1. The
revival time in such a case is Tper/2`. Figure 2 shows the
plots of 〈x〉 versus 〈p〉 for the coherent state and even co-
herent state. The closed figures show the revival of these
states. In the above two sections we have seen that when
there is a superposition of wavepackets, the time period
of dynamics of the initial states changes. It is a clear
indication that the dynamics of quantum states not only
depends on the Hamiltonian but also on the initial states
considered. In the next section, we will discuss other
types of dynamics which can occur in quantum system
using time series analysis.
III. QUASI-PERIODIC, ERGODIC AND
CHAOTIC DYNAMICS
Nonlinear time series analysis is being widely used as
a tool to study the complicated dynamics of systems
using a series of data points listed in time order. It is
highly useful for the understanding of many complex
phenomena in nature. There exist several methods to
compute dynamical parameters such as information
dimension, entropy, Lyapunov exponents, etc. from time
series analysis [46]. In this section, we will use some
of these methods such as first return time distribution,
recurrence plot and Lyapunov exponent to study the
dynamics of superposition states.
1. First return time distribution (F1)
The first return time can be used to analyze the various
dynamical properties of complex systems. Extensive
use of this can be seen in the literature, for example
see [47]. F1 distribution contains information about the
recurrence of a small range of values in a large time
series. Cells of suitable size are constructed to calculate
the frequency of recurrence of data points within the
cell. It was shown that for systems having ergodic
dynamics the F1 distribution can be very well fitted by
the exponential distribution µe−µτ [48, 49] where µ is
related to the mean recurrence time 〈τ〉 as µ = 〈τ〉−1
which follows from Poincare´ recurrence theorem.
2. Recurrence plot
Recurrence plots are a recent method for the analysis of
5nonlinear data. It was introduced in the famous paper
of Eckmann, Kamphorst and Ruelle [27] as a new tool
which could extract more information that is not easily
obtained by other methods. In other words, recurrence
plot provide a simple way to visualize the trajectory in
phase space. Our phase space is of higher dimension,
hence cannot be pictured. Recurrence plot helps us to get
certain information about this higher dimensional phase
space through a two dimensional representation and also
it depicts the pair of time at which the trajectory is at the
same point or the point which is sufficiently close(within
an  neighborhood). Hence recurrence can be represented
by the function
R(i, j) =
{
1 if ||x(i)− x(j)|| ≤ 
0 otherwise,
(29)
where x(·) is the location of the trajectory and (i, j) are
coordinate points [50]. In the 2006 paper of Marwan [28],
basic idea of recurrence plot, recurrence quantification
analysis and its applications in various fields are dis-
cussed. Mostly in recurrence plot, parallel, equidistant
diagonal lines indicates periodic trajectories, more than
one set of parallel, diagonal lines or carpet like patterned
structure gives quasi-periodicity and a single diagonal
line which may or may not be surrounded by short
broken lines at random distances from this line shows
chaotic trajectories.
3. Lyapunov exponent
Lyapunov exponent (λ) is a quantitative measure of the
exponential measure caused due to small change in initial
conditions. In the chaotic regime if the initial separation
of two orbits is s(0), then at later time t their separation
is given by s(t) = s(0)eλt where λ is a positive number.
Here we have estimated the maximal Lyapunov exponent
(λmax) from the time series using the algorithms devel-
oped by Rosenstein et al. [29] and Kantz [30] and also
verified that our results stands by repeating our calcu-
lations using the procedure by Wolf et al. [51]. We can
compute the maximum lyapunov exponent from the plot
of S(,m, t) vs t. Here
S(,m, t) =
〈
ln
( 1
|Un|
∑
sn′ Un
|sn+t − sn′+t|
)〉
n
(30)
where sn′ is a very close return to a previously visited
point sn in the embedding space and Un is the superset
of all such sn′ . If S(,m, t) exhibits a linear increase with
identical slope for all m larger than some m0 and for a
reasonable range of , then this slope can be taken as an
estimate of the maximal exponent.
A. Coherent state and its superposition in a Kerr
medium with cubic nonlinearity
Let us consider a Hamiltonian for a single-mode elec-
tromagnetic field interacting with the atoms of a nonlin-
ear medium,
H1 = }(χaˆ†2aˆ2 + χ′aˆ†3aˆ3), (31)
where aˆ and aˆ† are the photon annihilation and creation
operators which satisfy [aˆ, aˆ†] = 1. The first term in
the Hamiltonian models a Kerr medium with a coupling
strength χ and the second term is the one with cubic
nonlinearity with a strength χ′. Because of the presence
of this nonlinear term the relatively simple periodic be-
havior of the system is lost. Both aˆ†2aˆ2 and aˆ†3aˆ3 are
diagonal in the number operator N = aˆ†aˆ. Hence aˆ†2aˆ2
can be written as N(N − 1) and aˆ†3aˆ3 can be written as
N(N −1)(N −2). For a generic initial wave packet when
χ′ 6= 0 exact revivals do not occur and in the space of
observable, periodic returns of observables to their initial
value is replaced by quasi-periodicity [32].
Let our initial state be an ordinary coherent state
|α(0)〉 which is the same as in Eq. (4). After time evolu-
tion under the Hamiltonian H1, this becomes |α(t)〉
|α(t)〉 = e−|α|2/2
∞∑
n=0
αn√
n!
(
e−iχn(n−1)t−iχ
′n(n−1)(n−2)t
)
|n〉 .
(32)
The analysis of F1 distribution and recurrence plot
with different |α|2 value by keeping χ′/χ ratio fixed and
vice-versa has already been carried out [32, 52]. They
have shown the appearance of hyperbolicity and ergod-
icity in the dynamics of the system.
As in Sec. II, we expect a change in dynamics when
superposition of states are considered. Here we are com-
paring the F1 distribution and recurrence plot of the ex-
pectation value of 〈x2〉 for the states with ` = 1 and 2
(Eq. 9). For ordinary coherent state
〈
x2
〉
comes out to
be
〈
x2
〉
=
1
2
+ |α|2 + e−|α|2
( ∞∑
n=0
|α|2n α2
n!
ei
(
2(2n+1)χ+6n2χ′
)
t
+H.c.
)
.
(33)
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FIG. 3. F1 distribution with |α|2 = 25 and χ′/χ = 10−3 for
(a) coherent state and (b) even coherent state.
Similarly, we have computed this quantity for even
(` = 2) and higher order superposition state. Fig. 3
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FIG. 4. F1 distribution with |α|2 = 100, χ′/χ = 10−3 for (a)
coherent state and (b) even coherent state.
(a) (b)
FIG. 5. Recurrence plot for initial (a) coherent state and (b)
even coherent state with |α|2 = 25 and χ′/χ = 10−3 (the
parameters are same as in Fig. 3).
compares the F1 distribution for coherent state and even
coherent state (Eq. 13) for |α|2 = 25 and χ′/χ = 10−3
with 106 data points and cell size between 10−3 and 10−2.
The F1 distribution for CS |α〉, for small |α|2 is a discrete
one with finite number of points which shows the quasi-
periodic nature. If, instead we use even coherent state
a decaying exponential distribution is obtained, which
signifies a higher degree of mixing and the presence of
ergodicity in the dynamics. This is more pronounced for
(a) (b)
FIG. 6. Recurrence plot for initial (a) coherent state and (b)
even coherent state with |α|2 = 100, χ′/χ = 10−3 (parameters
are same as in Fig. 4).
larger value of |α|2, as may be seen in Fig. 4. Figures 5
and 6 depicts the recurrence plots corresponding to the
F1 distribution in Figs. 3 and 4 respectively. The regular
patterned structure is a characteristic of quasi-periodicity
with small number of incommensurate frequencies [28].
The other recurrence plots signals the increase in the de-
gree of mixing with superposition and with the increase
in |α|2, corroborating our deduction based on F1 distri-
bution. Similarly higher order superposition is also ana-
lyzed and similar conclusion is drawn (not shown here).
B. Dynamics of superposition states in the bosonic
Josephson junction
With the advent of Bose-Einstein condensate (BEC) of
weakly interacting gases [53–55], an experimental system
has become available for the quantitative investigation of
Josephson effects in a very well controllable environment.
We have focused on bosonic Josephson junction, gener-
ated by confining single BEC in a double-well potential.
We have considered the Bose-Hubbard Hamiltonian for
N bosons in a two-site system.
H2 = −J
2
(aˆ†1aˆ2 + aˆ1aˆ
†
2) +
U
4
(aˆ†1aˆ1 − aˆ†2aˆ2)2, (34)
where ai and a
†
i are the annihilation and creation oper-
ators respectively for the bosonic particle in ith mode.
J is the hopping amplitude describing the mobility of
bosons and is the measure of coupling strength between
the two modes and U, the interaction strength arising
from the local interaction within the two wells. By defin-
ing the three SU(2) generators, Lx = (aˆ
†
1aˆ2 + aˆ1aˆ
†
2)/2,
Ly = (aˆ
†
1aˆ2− aˆ1aˆ†2)/2 and Lz = (aˆ†1aˆ1− aˆ2aˆ†2)/2, Eq. (34)
can be expressed in the form
H2 = −JLx + UL2z. (35)
Most experiments on the bosonic Josephson system mea-
sures quantities defined via the expectation values of sin-
gle particle Bloch vector such as
2 〈Lx〉
N
. The dimen-
sionless parameter u =
NU
J
is considered to study the
system dynamics. We have taken u such that it falls in
the so-called Josephson regime (1 < u < N2). In the
Josephson regime, the fluctuations in the atom numbers
are reduced and the coherence is high.
The dynamics of the system is carried out by consider-
ing SU(2) coherent states and its superposition as initial
state. SU(2) coherent states are the eigenstates of angu-
lar momentum operator Lˆ2. In terms of angular momen-
tum basis, |l;m〉 ≡ |l +m, l −m〉 where m varies from
−l to l, the SU(2) coherent state can be written as
|θ, φ〉 =
[
1 + tan2(θ/2)
]−1 l∑
m=−l
[
tan
(
(θ/2)e−iφ
) ]l+m
×
(
2l
l +m
)1/2
|l;m〉 ,
(36)
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FIG. 7. F1 distribution for (a) pi state and (b) even state
with N = 40 and u = 50.
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FIG. 8. F1 distribution for (a) pi state and (b) even state
with N = 40 and u = 90.
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FIG. 9. Recurrence plot for initial (a) pi state and (b) even
state with N = 40 and u = 50 (the parameters are same as
in Fig. 7).
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FIG. 10. Recurrence plot for initial (a) pi state and (b) even
state with N = 40 and u = 90 (the parameters are same as
in Fig. 8) .
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FIG. 11. Plot to find the Lyapunov exponet (λ) for initial
even state with N = 40 and u = 50 (parameters are same as
in Fig. 9). Slope of the graph gives λ = 0.036.
where 0 < θ < pi and 0 < φ < 2pi are the rotation
angles of the state |m = −l〉. In our study we have taken
θ = pi/2, which corresponds to equal population in the
two modes.
To study and analyze the difference in the dynamics
of superposition states, we compare the F1 distribution,
recurrence plot and Lyapunov exponent for the states
|pi/2, pi〉 (pi state) and 1√
2
( |pi/2, 0〉+ |pi/2, pi〉 ). Depend-
ing on whether l is even or odd the above superposition
state can be called even or odd state (l = N/2).
Figs. 7-10 compare the F1 distribution and recurrence
plot for pi state and even state with N = 40 and 106
data points. Fig. 7 depicts the F1 distribution with
u = 50 and cell size of 10−2. The quasi-periodicity of
the pi state is clear from the finite number of points in
the F1 distribution and the hyperbolicity and ergodic-
ity in the dynamics is seen for the superposition (even)
state which shows a decaying exponential spectrum. As
u value increases the ergodicity in the dynamics becomes
more pronounced as clear from Fig. 8. The regular pat-
terned structure in the recurrence plot in Fig. 9 is con-
sistent with the F1 distribution and the broken lines in
the other recurrence plot signals the signature of chaos
in the system. When we consider superposition states,
more number of broken lines are visible in recurrence
plots (Fig. 10) which indicates more chaoticity in the
system. Lyapunov exponent for these are calculated and
chaotic behaviour in the dynamics is confirmed with pos-
itive λ and it is seen that λ is larger for superposition
states which is evident from Fig. 11 and Fig. 12. Other
superposition states also gives similar difference in the
dynamics from the non-superposed one.
IV. CONCLUSION
We have studied the dynamics of superposition of
wavepackets evolving under different nonlinear Hamilto-
nians corresponding to Kerr medium, Morse oscillator
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FIG. 12. Plots to find the Lyapunov exponent for initial (a)
pi state and (b) even state with N = 40 and u = 90 (the
parameters are same as in Fig. 10). Slops of the graphs give
λ = (a) 0.012 and (b) 0.039.
and bosonic Josephson junction. We have found that
even the period of evolution changes when we consider
different superpositions of states as initial states. Fur-
ther, we have extended the study to find the consequence
of superposition states on the more complex dynamics
such as quasi-periodic, ergodic and chaotic dynamics us-
ing both qualitative and quantitative methods in time
series analysis. We have shown that the systems which
are periodic turned to quasi-periodic or ergodic when we
have changed the initial state from single wave packet to
superposition of wave packets. Our results in this paper
is a new direction in the theory of nonlinear dynamics
in quantum systems because dynamical changes in the
evolution of systems due to superposition of wavepackets
are not reported in the literature earlier.
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